We study an effect of rotation on the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state of two component Fermi superfluid gases in a toroidal trap. We investigate a stability of the FFLO states in the quasi-one-dimensional regime on the basis of the Bogoliubov-de Gennes equation. We find that two novel FFLO phases, i.e., the half quantum vortex state and the intermediate state of FuldeFerrell (FF) state and Larkin-Ovchinnikov (LO) state, are stabilized by the rotation. The phase diagram for the FF state, LO state, intermediate state, and half quantum vortex state is shown in both T -P plane and T -h plane. We demonstrate characteristic features of these states, such as the order parameter, flux quantization, and local polarization. Several related works are discussed, and the advantages of cold Fermi gases are indicated.
I. INTRODUCTION
Two component Fermi gases with population imbalance attract much attention from both theoretical and experimental point of view [1] [2] [3] . One of the motivations of current studies is the realization of FuldeFerrell-Larkin-Ovchinnikov (FFLO) state [4, 5] , which is characterized by a spatial oscillation of the order parameter arising from the center-of-mass momentum of Cooper pairs. This state is induced by a mismatch of the Fermi surfaces between two component Fermi particles produced by a population imbalance. Since many parameters, such as the population imbalance, interaction strength, and trap potential, can be experimentally controlled [3] , cold Fermi gases are regarded as a promising candidate for the FFLO superfluid. Recent experiment found an evidence for the FFLO superfluid state in the elongated harmonic trap [6] , and attract much attention in a variety of fields such as the condensed matter physics [7] [8] [9] [10] [11] [12] [13] [14] [15] and nuclear physics [16] where possible FFLO phases have been discussed.
The FFLO state has an internal degree of freedom arising from the inversion symmetry, and therefore, there are several phases of the FFLO state. Most of theoretical works on the FFLO state are focused on the two phases. One is the Fulde-Ferrell (FF) state which is described by the order parameter ∆(r) ∝ e iq·r , and the other is the Larkin-Ovchinnikov (LO) state in which ∆(r) ∝ cos(q · r). The LO state is regarded as a mixture of two FF states with opposite momentum ∆(r) ∝ e iq·r and ∆(r) ∝ e −iq·r . It has been shown that the LO state is stable against the FF state in most cases [9] .
The FFLO state in cold Fermi gases has been studied in the literature [17] [18] [19] [20] [21] [22] [23] [24] . Some of their works investigated the effect of harmonic trap potential which plays an essential role for the spatial structure of the FFLO phase. They found that the radial FFLO (R-FFLO) state is stable, in which the order parameter changes its sign along the radial direction around the edge of the harmonic trap. The spatial symmetry remaining in the harmonic trap, however, is not broken in the R-FFLO state, thus it may be difficult to experimentally observe the spatial oscillation of order parameter. On the other hand, one of us showed that the angular FFLO (A-FFLO) state in which the order parameter changes its sign along the angular direction is stable in a toroidal trap [25] . Since the A-FFLO state breaks the rotation symmetry, one expects that a spatial modulation characteristic of the FFLO state can be detected in experiments. Furthermore, A-FFLO state is a novel FFLO state in the sense that the rotation symmetry is spontaneously broken. This is in sharp contrast to the superconductors where the rotation symmetry is broken by the crystal lattice and therefore the A-FFLO state is not stabilized. Hence, it is interesting to study the response of A-FFLO state to the rotation. It is expected that another novel FFLO state is stabilized by the rotation. A related work has been given by Kashimura et al. They showed that a spontaneous current appears in a toroidal trap with a potential barrier [26] , but they didn't investigate the effect of rotation. In this paper, we investigate the FFLO phases induced by the rotation. It is expected that those studies will be tested by the experiments since such controllable experiment is an advantage of cold atom gases.
An effect of rotation on the FFLO state has been studied in the context of cold Fermi gases [27] [28] [29] as well as in mesoscopic superconductors where the magnetic field plays an equivalent role to the rotation [28, 30, 31] . It has been shown that the nucleation of vortex in the FFLO superfluid gives rise to intriguing phenomena. In contrast to those works, our study is focused on the quasione-dimensional superfluid formed on the toroidal trap, which is an ideal system to study the effect of gauge field on the FFLO state. The A-FFLO state is regarded as the LO state along the quasi-one-dimensional ring, while order parameter of the vortex state is the same as that of the FF state. In this work, we study how the A-FFLO state formed on the toroidal trap is changed by the nucleation of vortex. The same issue has been investigated in the context of mesoscopic superconducting ring under the tilted magnetic field [32] , but their study overlooked many important results, as we will show later.
We show that the "giant vortex state" corresponding to the FF state is stabilized in the imbalanced gas near the superfluid critical temperature T c , and the phase transition to the "intermediate state" between the FF and LO states occurs with decreasing the temperature. Furthermore, the "half quantum vortex state" becomes stable in a certain range of the rotation and population imbalance. This phase leads to the half quantized flux of mass and the unusual Little-Parks oscillation of T c . We elucidate superfluid properties of these FFLO states, such as the superfluid order parameter, local polarization, and the flux of mass.
II. FORMULATION
We study rotating two component Fermi gases in a toroidal trap, in which atoms are loaded on a quasi-onedimensional ring [33, 34] . We assume that the angular velocity is perpendicular to the plane of ring, leading to Ω = Ωẑ. Then, the Hamiltonian is approximately described by the following one-dimensional attractive Hubbard Hamiltonian:
where σ =↑, ↓ describe two hyperfine states,n jσ =ĉ † jσĉ jσ is the number operator, U is the coupling constant of attractive interaction, and µ σ is the chemical potential for σ particles. The mass of atoms M is related to t = 1/2M , and the phase Φ = RΩ/2t denotes the Peierls phase, where R is the radius of ring (see Appendix A). We take the unith = k B = 1 and t = 1. Although one-dimensional models can be solved with use of sophisticated analytic or numerical methods [35] [36] [37] [38] [39] [40] [41] [42] , we adopt the Bogoliubov-de Gennes (BdG) equation, because our interests are focused on the quasi-onedimensional regime where a three-dimensional long range order is achieved [43] [44] [45] . Then, the Hamiltonian is reduced to the mean field Hamiltonian
where ∆ j ≡ −|U | ĉ j↓ĉj↑ is the order parameter. We focus on the weak coupling BCS region, and then the BdG equation is quantitatively appropriate. The Hartree term can be neglected there. We don't touch the BCS-BEC crossover region where higher order corrections beyond the mean field theory play important roles [3, 46, 47] , although it is expected that the FFLO state is robust there [25, 48] .
The mean field Hamiltonian is diagonalized with use of the following Bogoliubov transformation:
whereγ † ν andγ ν are the creation and annihilation operators of quasiparticles, respectively. The wave function of quasiparticles (u ν j↑ , u ν j↓ ) satisfies the BdG equation
where
The self-consistent equation for the order parameter is obtained as,
where f (E ν ) is the Fermi distribution function. We can refer to the analytic solution of BdG equation in one dimension [49, 50] , however, we numerically solve the selfconsistent equation (Eqs. (4) and (5)) to investigate the thermodynamic stability of superfluid phases. Several self-consistent solutions corresponding to the metastable states are obtained. We determine the stable phase by comparing the free energy of those states. The free energy is evaluated to be
We solve BdG equations for a fixed chemical potential µ σ in the ground canonical ensemble and calculate the particle number and population imbalance which are expressed as N = N ↑ + N ↓ and P = (N ↑ − N ↓ )/N , respectively. We obtain the number of σ particles N ↑ and N ↓ as
respectively. We define the "magnetic field" h = (µ ↑ − µ ↓ )/2 as the difference of chemical potential between ↑ and ↓ particles.
III. NUMERICAL RESULTS
We set |U |/t = 1.5 and assume the chemical potential (µ = (µ ↑ + µ ↓ )/2 = −0.8) leading to n jσ ≡ n jσ < ∼ 0.4 so that the lattice Hamiltonian appropriately describes the continuum gas. The following results are obtained for the number of lattice sites N L = 200 with imposing the periodic boundary condition. Note that the periodic boundary condition should be satisfied for a gas on the ring.
In all our results the order parameter ∆ j is approximately described as
where the center-of-mass momentum of Cooper pairs is q ± = 2πm ± /N L with m ± being an integer so as to satisfy the periodic boundary condition. The FF state is described by a set of order parameter (
A. Rotating FFLO phases
Before studying the effect of rotation, we discuss the phase diagram of gases at rest. In Fig. 1 , we show the phase diagram for Φ = 0 in the T − h plane as well as in the T − P plane. We denote the superfluid critical temperature T c (h, Φ/Φ 0 ) as a function of the magnetic field h and the normalized phase factor Φ/Φ 0 , where Fig. 1 is normalized by the critical temperature of the balanced gas at rest, T c (0, 0) = 0.0816. Figure 1 (a) shows that the BCS state is stable for h < 0.0915 while the LO state is stabilized for h > 0.0915 at T = 0. Note that the order parameter of the LO state is described as ∆ j ∝ cos[(Φ 0 m)j]. Since we consider the Fermi gas trapped on the ring, this LO state corresponds to the A-FFLO state studied in Ref. [25] . The integer m increases with increasing the magnetic field h [9] . Although the FFLO state is stable for a huge magnetic field h ≫ T c (0, 0) in our calculation, our study focuses on the moderate magnetic field h ∼ T c where m ≪ N L . Figure 1 (b) shows that the BCS state is unstable in the imbalanced gas P > 0 at T = 0. This is because the BCS state does not have an excess particle owing to the excitation gap. We also find forbidden regimes (FR) in the T − P plane since the particle number is finite and not fixed in our calculation based on the grand canonical ensemble. Another inhomogeneous superfluid state may be stabilized in the canonical ensemble, but that is beyond the scope of our paper.
We here turn to the rotating systems. (Fig. 2(b) ), we see several intriguing features in the rotating FFLO state ( Fig. 2(a) ). First, the FF state with ∆ + = 0 or ∆ − = 0 is stabilized near the critical temperature in the rotating gas with Φ/Φ 0 = 0. The two FF states ∆ j ∝ e iqj and ∆ j ∝ e −iqj are degenerate at rest, and therefore, the mixture of them, i.e., the LO state ∆ j ∝ (e iqj + e −iqj ) is stabilized at T = T c . On the other hand, the degeneracy is lifted by the rotation, and then one of the FF states is stabilized near T c . This FF state is regarded as a "giant vortex state" because the vorticity m is much larger than the conventional one. The critical temperature is increased by the rotation since one of the FF states is stabilized. The FF state may be furthermore stabilized by the Hartree term, which is neglected here, because of the Fermi liquid correction [51] . Second, the "half quantum vortex state" is stabilized by the rotation. Figure 2(a) shows that the LO state with (m + , m − ) = (4, 4) changes to the phase (m + , m − ) = (5, 4), as the rotation, i.e., the phase Φ increases. The latter phase is regarded as the half quantum vortex state since the order parameter is approximately described at low temperatures as
The exponential provides the phase π for a circuit along the ring, which corresponds to a half quantized vortex.
Another phase π required for the uniqueness of order parameter is given by the odd number of phase changes in the sinusoidal function. Then, the order parameter of the half quantum vortex state is regarded as the product of those in the FF and LO states with an unconventional period. Similarly, the phase with (m + , m − ) = (6, 3) is the half quantum vortex state while the phases with (m + , m − ) = (5, 3) and (m + , m − ) = (6, 2) are the LO state having one and two quantized vortex, respectively. Thus, the half quantum vortex state is realized when the difference of vorticity is odd between the coexisting FF states. One of the two quantum numbers m + and m − changes with the increase of rotation, and induces the half quantized vortex. This is in sharp contrast to the rotating BCS state which has only one quantum number m. In other words, the half quantized vortex is induced by the multi-component order parameters of the FFLO state, as in the chiral p-wave superconductor [52] . We see a characteristic feature of the half quantum vortex state appearing in the quantized flux of mass. We show the rotation dependence of the flux of mass f for h = 0 and h = 0.13 at T = 0 in Fig. 3 , which is obtained as
Since the flux is independent of the site, we omit the index j in Eqs. (11) and (12) . Figure 3 clearly shows that the flux of mass is half quantized in the rotating FFLO state (h = 0.13).
Owing to the nucleation of half quantum vortex, the T c shows an unconventional Little-Parks oscillation studied Fig. 1(b) . The LO state with m = 1 is stabilized in a tiny region of the T − h plane, but it cannot be resolved in Fig. 1(a) . in Ref. [31] . Figure 2(a) shows the Little Parks oscillation with the period being a half of the conventional one. It should be noticed that the amplitude of oscillation is remarkably enhanced in the FFLO state compared with the BCS state.
Third, we point out another phase in Fig. 2(a) , that is the mixture of LO state and FF state. For instance, the FFLO state with (m + , m − ) = (4, 4) is not a pure LO state in the sense that the amplitude ∆ + for m + = 4 is not equivalent to ∆ − for m − = 4. The temperature dependence of the ratio δ ≡ ∆ + /∆ − at h = 0.13 and Φ/Φ 0 = 0.0637 is shown in Fig. 4 , where the superfluid phase is divided into three regions, (I), (II), and (III). In the low temperature region (I), the ratio δ is almost unity corresponding to the LO state, while the FF state with δ = 0 is stabilized in the high temperature region (III). Interestingly, the intermediate ratio 0 < δ < 1 is obtained in a wide intermediate temperature region (II). Thus, the "intermediate state" between the FF and LO states is stabilized by the rotation, and then the order parameter is described as
Although the intermediate state changes to the LO state through the crossover, these states can be distinguished by observing the flux of mass. As shown in Fig. 4 , the flux of mass is almost zero in the LO state. This is because the susceptibility to the rotation is suppressed by the excitation gap. A narrow band is formed by the Andreev bound states localized around the nodes of order parameter [45] , its contribution is negligible for these parameters. On the other hand, the flux of mass increases with temperature in the region (II), and shows a peak at the transition temperature to the FF state, T = T c2 = 0.946T c (0.13, 0.0637). The flux decreases as approaching to the superfluid critical temperature T = T c because the order parameter of FF state is decreased. In other words, the flux of mass is first enhanced below T c owing to the formation of the giant vortex state, and then suppressed below T c2 as decreas- ing the temperature. Such nonmonotonic temperature dependence is a characteristic feature of the FFLO state, while that is not observed in the BCS superfluid. Note that we here assume the system without conserving the angular momentum. Another phase diagram will be obtained when the angular momentum is conserved across the superfluid transition.
B. Local polarization
The FFLO phases studied in the previous subsection show their characteristic feature in the local polarization. Figure 5 shows the spatial profile of local polarization p j = n j↑ − n j↓ in the FF, LO, half quantum vortex, and intermediate states. It is shown that the local polarization in the LO state shows peaks at the quasinodal points of order parameter where |∆ j | ∼ 0 (compare Fig. 5 with Fig. 6) , as in the A-FFLO state [25] . This is because excess particles are localized around the quasinodal points of order parameter in order to make the loss of condensation energy as small as possible. Therefore the number of peaks in the local polarization n 0 can be regarded as the number of quasi-nodal points in the order parameter. On the other hand, the FF state shows a uniform polarization, since the translation symmetry is not broken there. The spatial inhomogeneity is smoothly enhanced by decreasing the temperature in the intermediate state. Thus, we can discriminate the LO state, intermediate state, and FF state by the polarization measurements.
A characteristic feature of the half quantum vortex state appears in the number of peaks in the local polarization. The number n 0 is odd (even) in the half (integer) quantum vortex state. (See above discussion and Fig. 6 .) For example, Fig. 5(a) shows n 0 = 8, while that is n 0 = 9 in Fig. 5(b) where the amplitude is described by |∆ j | ∝ | cos[(Φ 0 × 4.5)j]|. Thus, the odd number of n 0 is a clear signature of the half quantum vortex state. Note that the n 0 is the same as the number of excess particles. As increasing the excess particles, the number of quasi-nodes increases so as to hold them.
C. Mesoscopic effect
We here comment on the magnetic field dependence of superfluid phases. Although the LO state with (m + , m − ) = (4, 4) is stabilized at rest in both magnetic fields h = 0.115 and h = 0.13, the FF state induced by the rotation depends on the field. While the FF state with ∆ + = 0 is stabilized for h = 0.13 ( Fig. 2(a) ), the other FF state with ∆ − = 0 is stabilized for h = 0.115 as shown in Fig. 7 . Accompanied by the change of FF state, the half quantum vortex state also changes as increasing the magnetic field from h = 0.115 to h = 0.13; a small rotation stabilizes the half quantum vortex state (m + , m − ) = (4, 3) in the former, while (m + , m − ) = (5, 4) in the latter.
We understand these magnetic field dependences in the following two ways. First, the superfluid phase having a large number of zeros of order parameter n 0 is stabilized by increasing the magnetic field so as to gain the magnetic energy. Another interpretation is based on the discrete single particle spectrum, that is the mesoscopic effect. Figure 8 shows the schematic sketch of the Cooper pairing for the cases h = 0.115 and h = 0.13. The upper panel shows the Fermi momentum at rest, while the lower panel shows the shift of Fermi momentum due to the rotation (see Appendix A). This shift gives rise to the lifting of degeneracy of two FF states with ∆ + = 0 and ∆ − = 0. In Fig. 8(a) , a small shift moves the Cooper pairs with m − = 4 away from the Fermi surface. Since the Cooper pairs should be formed by the quasiparticles near the Fermi surface, the FF state with m + = 4 is favored at low magnetic fields as shown in Fig. 8(a) , while the other FF state with m − = 4 is stabilized at high magnetic fields as shown in 
D. Phase diagram
Finally, we discuss the phase diagram of the rotating Fermi superfluid gases in the T − h and T − P plane. We fix the rotation Φ/Φ 0 = 0.286 in Fig. 9 . For this parameter the BCS state is changed to the vortex state with vorticity m = 1. More important finding is that the half quantum vortex state [for example, (m + , m − ) = (1, 0)] is induced in a certain range of the population imbalance. Therefore, the flux of mass iteratively changes as 1 → 
∆ + =0,m − =4
The rotation is added.
The rotation is added. the critical temperature, as studied in section III A. In order to illuminate these features, we show the phase diagram scaled-up in the large population imbalance (magnetic field) region. We see that the population imbalance changes the vorticity on a sequence of phase transition lines. These features are understood on the basis of the mesoscopic effect discussed in section III C. For a rotation smaller than Φ/Φ 0 = 0.286, where the vortex is not nucleated in the balanced gas, a half quantum vortex can be induced by the population imbalance (compare Fig. 2(a) with Fig. 2(b) ). Then, the gas begins to rotate by increasing the population imbalance, if the angular momentum is not conserved for some reasons. This intriguing phenomenon would be a signature of the FFLO superfluid gas.
IV. SUMMARY AND DISCUSSION
We have studied effects of rotation on the FFLO superfluid state of imbalanced Fermi gases loaded on a quasione-dimensional toroidal trap. We found several novel phase transitions induced by the rotation and population imbalance. First, the FF state is stabilized in the rotating gases near the critical temperature, although this state is unstable against the LO state in the gases at rest. This means that the "giant vortex" appears in the imbalanced gases near T c because the FF state on the ring is regarded as a vortex state. We found that the vorticity shows a nonmonotonic and intriguing dependence on the population imbalance. Second, the FF state changes to the intermediate state through the second order phase transition at T = T c2 < T c . As decreasing the temperature below T c2 , the crossover occurs from the intermediate state to the LO state. We point out that the FF, LO, and intermediate phases are distinguished by the flux of mass and local polarization. Third, we showed a sequence of quantum phase transitions with increasing the rotation. The FFLO state with an integer vortex changes to the half quantum vortex state. Then, the flux of mass is half quantized (Fig. 3) . The half quantum vortex state arises from the multi-component order parameters of the FFLO state, and therefore the half quantized flux would be a clear evidence for the FFLO superfluid state. The spatial profile of the order parameter in the half quantum vortex state is described by the product ∆ FF × ∆ LO where ∆ FF and ∆ LO are the order parameters of FF and LO states, respectively.
These results are obtained on the basis of the BdG equation. Since the BdG equation is a mean field approximation it breaks down in the purely one-dimensional system. It is well known that the long-range order of superfluidity/superconductivity is fragile against the fluctuation in one dimension. We adopt the one-dimensional model for simplicity, however our interests are focused on the quasi-one-dimensional superfluid which is realized in the toroidal trap [25, 33, 34] . It has been shown that a weak three-dimensional coupling gives rise to the long range order [43] [44] [45] . The BdG equation is qualitatively appropriate for a weak attractive interaction in this case. The correlation effect beyond the mean field approximation plays important roles for a strong attractive interaction. Therefore, our study basically focuses on the weak coupling BCS region. However, it has been shown that the FFLO superfluid state is robust against the strong attractive interaction in the unitary regime [25, 48] . This indicates that the novel FFLO phases studied in this paper are robust in the BCS-BEC crossover region.
We note that a fingerprint of the FFLO phases appears in the purely one-dimensional system [6] , although the long range order is suppressed there. For instance, the free energy shows a characteristic periodicity with respect to the phase Φ as shown in Ref. [53] . We expect that the free energy of the imbalanced gases shows an oscillation with respect to the phase Φ, and the period is a half of the BCS state. This oscillation is a fingerprint of the half quantum vortex state in the FFLO state. It will be interesting to see this periodicity with use of the accurate numerical and/or analytical methods for one-dimensional models.
Three comments are given on the related theoretical works. First, the same model as in Eq. (1) was solved in the recent paper [32] on the basis of the BdG equations. However, they missed most of the novel FFLO phases induced by the rotation, except for the vortex state in the small imbalance region. We showed T − h and T − P phase diagrams in which the FF state with giant vortex, half quantum vortex state, and intermediate state are stabilized. These phases were not shown in Ref. [32] .
Second, a superfluid state similar to the A-FFLO state was investigated in the optical lattice by Chen et al. [54] . The response to the rotation is quite different from our case, because the rotation symmetry is broken by the optical lattice potential. For example, the FF state and the intermediate state are suppressed because the degeneracy of the FF states is lifted. In other words, the FFLO state in the optical lattice does not have an internal degree of freedom in contrast to the continuum gases. It is interesting to study the effect of broken rotation symmetry by tuning the aspect ratio [34] . Then, other FFLO states may be stabilized by the rotation.
Third, the rotating FFLO phases studied in this paper are regarded as an analog of the superconducting states in the non-centrosymmetric systems [55] . The degeneracy of the FF phases is lifted in the latter case by the anti-symmetric spin-orbit coupling arising from the broken inversion symmetry. The helical superconducting state is an analog of the FF state in our case, while the stripe phase corresponds to the intermediate state. However, these non-centrosymmetric superconducting phases cannot be realized because the orbital de-pairing effect arising from the magnetic field affects the superconducting state. In contrast, cold Fermi gases are ideal system for the study of FFLO phases thanks to their high controllability.
A ring trap has been realized for Bose gases [33, 34] , and produces many intriguing topics. We expect that the realization of Fermi superfluid on the ring trap will open a new research field of cold atom gases, as the development of sophisticated trap potentials triggered novel ideas. This paper shows that the rotating FFLO superfluid phases in the imbalanced Fermi gases will be one of the goals. We hope that active investigations will elucidate such novel phases.
